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Abstract
Results from an analytical study of the response of
composite shells with cutouts and subjected to internal
pressure and axial compression are presented. The an-
alytical results are obtained using a geometrically non-
linear finite element code. Results for axial compression
and combined internal pressure and axial compression
are presented. The effects of varying internal pressure
and cutout size on the prebuckling, buckling, and post-
buckling responses of the shell are described. Results
indicate that the nonlinear interaction between the in-
plane load distribution and the out-of-plane displace-
ments near the cutout can significantly influence the
structural response of the shell. The results also in-
dicate that these local load distributions and displace-
ments can be affected by the size of the cutout and the
internal pressure load.
Introduction
Many modern aerospace shell structures are designed
to support combinations of internal pressure and me-
chanical loads during their service life. With the in-
creasing need to produce lighter weight aerospace struc-
tures, the use of advanced composite materials has be-
come more common in the design of these structures.
During operation, flight loads and internal cabin pres-
sure are present in all commercial transport aircraft.
Some of these loads may be compressive loads and,
thus, it is necessary to investigate the buckling charac-
teristics of these structures. In addition, designers will
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often need to incorporate cutouts or openings in the
structure to serve as doors, windows, or access ports.
It has been shown by a number of authors that a cutout
in a shell structure subjected to axial compression can
cause a significant reduction in the buckling load of
the shell (e.g., Ref. 1-4). The local response near the
cutout in a compression-loaded shell is strongly influ-
enced by the local displacement gradients and the in-
ternal load distribution. These local displacements and
internal load distribution can be affected by the size of
the cutout. Recent studies of the response of cylindrical
shells with longitudinal cracks and subjected to inter-
nal pressure and axial compression loads (e.g., Ref. 5)
indicate that the interaction between the internal pres-
sure load and the axial compression load can have a
significant effect on the local response of the structure.
The results of an analytical study of the response
of composite cylindrical shells with cutouts and sub-
jected to internal pressure and axial compression are
presented. First, the governing parameters for the
buckling of cylindrical shells with a cutout will be
defined. The governing parameters will be used to
develop the results of a parametric study presented in
the paper. These parameters will help provide insight
into the effects of changing geometric and laminate
parameters on the buckling response of shells. The
parametric study will include three cutout sizes and
five internal pressure levels to determine the effects
of varying the cutout size and internal pressure loads
on the compression response. The predicted results
are characterized by load-shortening response curves
and contour plots of shell displacements and stress
resultants. Finally, design curves based on classical
parameters for the buckling of shells with cutouts and
subjected to internal pressure and axial compression
are presented.
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Classical Buckling Parameters
Nondimensional parameters governing the buckling
of shells with cutouts were derived by Hilburger4 and
are summarized herein. The governing equations for
the buckling of anisotropic thin elastic shells were de-
rived from the Donnell-Mustari-Vlasov nonlinear equa-
tions in terms of curvilinear coordinates using the
method of adjacent equilibrium. A nondimensionaliza-
tion procedure was applied to the governing equations
producing a set of nondimensional parameters in terms
of shell and cutout geometric parameters and laminate
stiffnesses. The nondimensionalization procedure in-
troduced the geometric parameters of the cutout into
the equations with the following set of nondimensional
coordinates,
X = - and 6 = 9-.a b (1)
In the case of a circular cylindrical shell, x and 9 repre-
sent the axial and circumferential coordinates, respec-
tively, and a and b are the characteristic axial and cir-
cumferential dimensions of the cutout, respectively (see
figure 1). After a significant amount of algebraic ma-
nipulation, the nondimensional transverse equilibrium





















where $ is a stress resultant function, and W is a
nondimensional buckling displacement. The remaining
parameters in Equation 2 are nondimensional bending















where £>n, £)12, £>22, DIG, D26, and Dee are the shell
bending stiffnesses found in classical laminated shell
theory. N°, Ng, and N°e are the prebuckling in-plane
stress resultants. The remaining parameters in Equa-
tion 3 are nondimensional membrane parameters and
a cutout or curvature parameter, C, in terms of shell
membrane stiffnesses AH, Ai2, A22, AIQ, A^e, and AGG-
In the special case of balanced symmetric laminates








and 7m = 0 and Sm = 0.
In the context of this paper, in which shells are sub-
jected to internal pressure loading, Pint, it is useful to
introduce the relation, Ng = PintR- This relation is de-
rived from the membrane solution for a circular cylin-
drical shell subjected to internal pressure.
Cylinder Models and Analysis Methods
Cylinder Model
The STAGS (STructural Analysis of General Shells)
finite element analysis code6 was used to predict the
response of the shells. A typical finite element model
of the shells analyzed in this study is described in fig-
ure 1. The shell has a radius of 8.0 inches and is
16.0 inches long. The shells have an 8-ply [±45/0/90]s
quasi-isotropic wall lamination. The ply thickness was
assumed to be 0.005 inches resulting in a total lami-
nate thickness of 0.04 inches. The lamina properties
are summarized in Table 1. A square cutout is located
at 9 = 0°, at the shells mid-length. The cutouts con-
sidered in this study include 0.5-in by 0.5-in, 1.0-in by
1.0-in, and 1.5-in by 1.5-in square cutouts. The axial
and circumferential dimensions of the cutout are de-
noted by a and 6, respectively, as indicated in the figure.
An idealized version of typical experimental boundary
conditions were included in the model by constraining
circumferential and radial degrees of freedom v and w,
respectively, in regions of the cylinder 0.0-in < x < 1.0-
in and 15.0-in < x < 16.0-in as illustrated in figure 1.
The resulting has an unsupported length of 14.0 inches.
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The loading conditions studied include axial com-
pression and combined axial compression and internal
pressure. For the axial compression cases, a compres-
sion load was applied to the shell by a uniform axial
displacement. For the combined internal pressure and
axial compression cases, the pressure load was applied
to the shell first, and then an axial compression load
was applied to the pressurized shell. Pressure levels
equal to 5.0 psi, 10.0 psi, 20.0 psi, 30.0 psi, and 50.0
psi are applied to the shell for the combined load
cases. The internal pressure was simulated by applying
a uniform lateral pressure to the shell wall and an
axial tension load to the end of the shell. Multi-point
constraints were applied to the ends of the shell to
enforce uniform displacement.
Nonlinear Analysis Methods
The quasi-static compression response of the shells
was determined using a standard arc-length projection
method7 in STAGS. The arc-length method is often suf-
ficient for predicting results beyond instability points
in the response. However, for cases where the standard
arc-length method failed to converge to solutions be-
yond instability points, a nonlinear transient analysis
method8 was employed. The transient analysis was ini-
tiated at an unstable equilibrium point just beyond the
instability point by applying an increment in the end-
shortening displacement. The transient analysis was
continued until the kinetic energy in the system dissi-
pated to a negligible level. A load relaxation procedure
was applied to the system to establish a stable equilib-
rium state from which a quasi-static analysis could be
resumed.
Results and Discussion
Results from a numerical study of the response
of quasi-isotropic laminated shells with cutouts are
presented. Two loading conditions were considered
in this study and include axial compression only, and
combination internal pressure and axial compression
loads. Results have been generated for cutouts at the
shell mid-length including 0.5-in by 0.5-in, 1.0-in by
1.0-in, and 1.5-in by 1.5-in square cutouts. Results
have been generated for internal pressure loads of 5.0
psi, 10.0 psi, 20.0 psi, 30.0 psi, and 50.0 psi. First,
results from a representative shell are presented to
identify typical response characteristics of a shell
with a cutout and subjected to axial compression.
Results illustrating the effects of internal pressure
on the compression response are presented. Finally,
design curves are presented summarizing the effects of
internal pressure on the initial buckling loads of shells
with square cutouts.
Axial Compression Loads
Results from a quasi-isotropic [±45/0/90]g shell with
a 1.0-in by 1.0-in square cutout is presented to identify
typical response characteristics of a compression-loaded
shell with a cutout. The load-shortening response curve
is given in figure 2a as an overall guide to the com-
pression response. Extensive postbuckling response is
indicated in the figure by a number of stable and unsta-
ble segments in the load-shortening results. The initial
buckling point is labeled A and the additional extreme
points are labeled B, C, D, etc. The post buckling re-
sponse includes both stable segments (e.g., B-C, D-E)
and unstable segments (e.g., A-B, C-D, E-F) as shown
in the figure. Segments A-B and C-D are associated
with unstable local buckling events that occur near the
cutout. These buckling events result in large out-of-
plane deformations and rapidly varying stress gradients
near the cutout. Stable postbuckling segments B-C and
D-E are accompanied by an increase in the magnitude
of the local deformations in the shell near the cutout.
Global collapse of the shell occurs at point E and the
unstable collapse response is represented by segment
E-F. The collapse response is characterized by a sig-
nificant reduction in load and the development of the
general instability mode in the shell. The load-tune
history of the collapse response is shown in figure 2b.
The slope of each adjacent stable equilibrium segment
of the response curve decreases as loading continues in
the postbuckling range indicating a reduction in the
effective axial compression stiffness of the shell. This
decrease is due to the increasingly large deformations
that develop in the shell throughout the compression
response.
Deformation patterns corresponding to selected ex-
treme points on the load-shortening response curve are
shown in figure 3a-3f. Figure 3a shows the displace-
ments associated with the initial buckling point A, con-
sisting of an elliptical shaped inward buckle at the
cutout with the semi-major axis aligned in a helical
or skew direction. The postbuckling deformation pat-
tern associated with point B consists of large elliptical
shaped buckles on either side of the cutout. Deforma-
tion patterns in figures 3c, and 3d indicate that as the
postbuckling response progresses, the elliptical buckles
in the shell become increasingly well defined and the
buckle pattern rotates counter-clock-wise around the
cutout. Figure 3e shows an intermediate deformation
pattern associated with point E* during the collapse re-
sponse of the shell. The deformation pattern indicates
that additional buckles propagate around the circum-
ference of the shell during the response until the general
instability collapse mode forms, shown in figure 3f.
Contour plots of axial and circumferential stress re-
sultants corresponding to buckling point A in figure 2a
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are shown in figure 4a and 4b, respectively. The re-
sults indicate that rapidly varying stress gradients form
near the cutout and quickly decay to far-field values
away from the cutout. In addition, the results indicate
that regions of in-plane biaxial compression form near
the cutout. These regions of destabilizing stresses cou-
ple with the out-of-plane deformations near the cutout
causing the local buckling response. In-plane stress re-
sultants associated with global collapse configuration
are shown in figure 5a and 5b. The stress contours in-
dicate that significant stress redistribution occurs as a
result of the large out-of-plane deformations that de-
velop.
Results indicate that variations in the size of the
cutout can have a significant effect on the compression
response of a shell with a cutout. Figure 6 shows
the load-shortening relations for shells with 0.5-in by
0.5-in, 1.0-in by 1.0-in and 1.5-in by 1.5-in square
cutouts. The results indicate that the magnitude
of the initial buckling load decreases as the cutout
size increases. The values of the normalized buckling
loads are 0.83, 0.56 and 0.45 for the 0.5-in by 0.5-in,
1.0-in by 1.0-in and 1.5-in by 1.5-in square cutouts,
respectively. An increase in the size of the cutout
results in larger prebuckling displacements near the
cutout. These larger displacements result in significant
stress redistribution away from the cutout leading
to an overall weakening of the shell at lower applied
loads. For shells with 1.0-in by 1.0-in and 1.5-in by
1.5-in cutouts, the initial buckling response results in
a stable local postbuckling state, and additional load
can be applied to the shell before the overall collapse
occurs. For the 0.5-in by 0.5-in square cutout, the
initial local buckling response seemed to be enough of
a disturbance to the shell to cause the general collapse
of the shell.
Internal Pressure and Axial Compression Loads
The effects of internal pressure on the compression
response of a shell with a 1.0-in by 1.0-in square cutout
are summarized in figure 7a and 7b. The results in-
dicate that the first local buckling loads increase with
an increase in the internal pressure. The values of the
normalized local buckling loads for the 1.0-in by 1.0-in
cutout and internal pressure levels of 0.0 psi, 10.0 psi,
30.0 psi and 50.0 psi are 0.56, 0.64, 0.70 and 0.79, re-
spectively. The internal pressure delays the formation
of the regions of destabilizing biaxial compression near
the cutout (as discussed in the axial compression only
case) and, hence, delays the onset of the local buckling
of the shell. Results indicate that an increase in the in-
ternal pressure results in a decrease in the magnitude of
the postbuckling load reduction. This trend continues
until a value of internal pressure is reached for which
the first local buckling response does not include an un-
stable local buckling response. For these results, shells
with an internal pressure greater than or equal to 30 psi
have a stable first local buckling response accompanied
by a gradual development of large out-of-plane defor-
mations and rapidly varying stress gradients near the
cutout. The results indicate that the general instability
load for the shells increases and the magnitude of the
collapse load reduction decreases as the level of internal
pressure increases.
A typical example of of the initial postbuckling defor-
mation pattern for a shell with a 1.0-in by 1.0-in cutout
and subjected to 30 psi of internal pressure and axial
compression is shown in figure 8a. The results indi-
cate that the internal pressure significantly influences
the shell deformations compared to the results for ax-
ial compression only. The displacements are character-
ized by large out-of-plane local bending of the axially
aligned edges of the cutout. Figure 8b shows the gen-
eral instability collapse mode for the same shell and in-
dicates that an increase in the internal pressure results
in an increase in the number of axial and circumferen-
tial half-waves of the resulting mode shape.
Design curves for the initial buckling load of shells
with square cutouts and subjected to internal pressure
are presented in figure 9a and 9b. Figure 9a shows the
relation between the axial and circumferential nondi-
mensional loading factors Kx and Kg, respectively,
for three values of the cutout or curvature parameter
C, and 06=1.068, /3=2.09, 76=-0.186 and ^=-0.212.
The figure indicates that the nondimensional param-
eters can useful in summarizing these results in term
of nondimensional design curves. Additional informa-
tion about the initial buckling loads of these shells is
obtained from figure 9b. The results in this figure in-
dicate that the initial buckling load of a shell with a
cutout increases as the internal pressure increases as
discussed previously. Furthermore, the results indicate
that the increase in internal pressure in a shell with
a cutout will result in a larger increase in the initial
buckling load for larger cutouts.
Concluding Remarks
The results of an analytical study of the response
of quasi-isotropic laminated shells with square cutouts
subjected to axial compression and combined internal
pressure and axial compression loads are presented.
Results indicate that a nonlinear interaction between
in-plane stresses and out-of-plane deformations near a
cutout in a compression-loaded shell cause a local buck-
ling response to occur near the cutout. For sufficiently
large cutouts, the buckling response results in a sta-
ble postbuckling state consisting of large out-of-plane
deformations and rapidly varying stress gradients. For
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sufficiently small cutouts, the local buckling response
produces enough of a disturbance to the shell to cause
the overall collapse of the shell. The results indicate
that an increase in the size of the cutout can cause a sig-
nificant reduction in the initial buckling load of the shell
and a reduction in the magnitude of the postbuckling
load reduction. The results indicate that the response
a compression-loaded cylinder is strongly influenced by
an internal pressure load. An increase in the internal
pressure causes an increase in the initial buckling load
of the shell and the general instability load of the shell.
Increasing the internal pressure stabilizes the shell and
delays the onset of the buckling response, and increases
the shell buckling loads. Numerically generated design
curves based on nondimensional parameters are pre-
sented and offer a convenient format for summarizing
the initial buckling loads of shells with cutouts and sub-
jected to internal pressure and axial compression.
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Table 1: Lamina Material Properties
I, Msi E2, Msi 2, Msi




Figure 1: Typical shell model.
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Figure 2: Compression response of a quasi-isotropic shell with a 1.0-in by 1.0-in square cutout; (a) load-shortening
response, (b) load time history of the unstable collapse response associated with segment E-F in figure 2a.
Figure 3: Selected deformation patterns for a compression-loaded quasi-isotropic shell with a 1.0-in by 1.0-in
square cutout; (a) point A, (b) point B, (c) point D, (d) point E, (e) point E*, (f) point F (refer to figure 2 for
selected points).
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N , Ne; relative magnitude
(a)N, (b)N8
Figure 4: Buckling stress resultants for a compression-loaded quasi-isotropic shell with a 1.0-in by 1.0-in square
cutout; (a) axial stress resultant (b) circumferential (hoop) stress resultant (magnified view).
N , Ne; relative magnitude
<a)N, (b)N,
Figure 5: General instability stress resultants for a compression-loaded quasi-isotropic shell with a 1.0-in by
1.0-in square cutout; (a) axial stress resultant (b) circumferential (hoop) stress resultant (magnified view).
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Figure 7: Effects of internal pressure on the response of a quasi-isotropic shell with a 1.0-in by 1.0-in square
cutout; (a) load-shortening response, (b) magnified view of local and global buckling responses.
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(b)
Figure 8: Selected deformation patterns for a quasi-isotropic shell with a 1.0-in by 1.0-in square cutout and




















Figure 9: Design curves for the initial buckling load of a shell with a cutout and subjected to internal pressure
and axial compression.
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